Abstract. In this paper we relate the study of actions of discrete groups over connected manifolds to that of their orbit spaces seen as differentiable stacks. We show that the orbit stack of a discrete dynamical system on a simply connected manifold encodes the dynamics up to conjugation and inversion. We also prove a generalization of this result for arbitrary discrete groups and non-simply connected manifolds, and relate it to the covering theory of stacks. As applications, we obtain a geometric version of Rieffel's theorem on irrational rotations of the circle, we compute the stack-theoretic fundamental group of hyperbolic toral automorphisms, and we revisit the classification of lens spaces.
Introduction
A discrete dynamical system consists of a phase space M and an evolution rule f : M → M according to which points evolve by iterations f n : M → M , n ∈ Z. The main goal of the theory is to classify f up to conjugacy f → hf h −1 by automorphisms h of M . We will restrict ourselves to the smooth setting, so that M is a manifold, f is a diffeomorphism and all maps are of class C ∞ . Basic invariants of a dynamical system under conjugation and inversion are the subspaces of fixed points and periodic points Fix n = {x|f n (x) = x} ⊂ M , and the orbit space M/f = {[x]|x ∼ f (x)}.
In very special cases, namely when M is simply connected and the induced action Z f M is properly discontinuous, the orbit space allow us to recover the dynamics up to this ambiguity, by means of covering space theory. As an example, think of the translation τ : x → x + 1 on M = R, the orbit space is the circle S 1 and we can reconstruct the dynamics as the natural action of π 1 (S 1 ) = Z over the universal cover R. It turns out that we can relax the simply connectedness of M to requiring M connected and H 1 (M ) = 0, and thus we have the following statement:
If M is connected, H 1 (M ) = 0 and Z f M is properly discontinuous, then the manifold M/f recovers the dynamics f up to conjugation and inversion.
In general, though, this statement does not hold. The presence of fixed and periodic points can not be recovered this way, as in the case of rational rotations on the circle. And even when there are no periodic points at all, the topology on the quotient M/f can be quite patological and fail to be a manifold, as in the case of irrational rotations on the circle. Finally, the manifold M may not be simply connected, and then it will not agree with the universal cover of the orbit space.
Nevertheless, the above statement turns out to be true if we demand M to be simply connected and think of the space of orbits not as a mere topological space but as a differentiable stack. Stacks are enhanced spaces with virtual symmetries attached, and differentiable stacks are those arising as quotients of manifolds. Examples include manifolds and orbifolds, but can be much more general, have non-Hausdorff topologies, or admit isotropies of positive dimension. As we shall see, this notion exactly incorporates the relevant information underlying the orbits of a dynamical system up to conjugation and inversion.
The classical definition of stacks involves sophisticated category theory and the technical paraphernalia often strays from the original geometric intuition. We follow here an alternative approach by using Lie groupoids. A groupoid can be seen as a set of objects endowed with an enhanced equivalence relation consisting of a set of arrows, these implement equivalences between objects and can be composed satisfying the usual group-like axioms. A Lie groupoid is a groupoid on which both objects and arrows are differentiable manifolds, and the structural maps are smooth. They provide a unified framework to deal with various classical geometries such as group actions, foliations and principal bundles, codifying internal and external symmetries.
Just as ordinary quotients arise from equivalence relations, differentiable stacks can be thought of as quotients by the enhanced equivalence relation defined by a Lie groupoid. Two different Lie groupoids can present the same stack, and this happens exactly when they are Morita equivalent, so that working with differentiable stacks up to isomorphism is equivalent to working with Lie groupoids modulo Morita equivalences. A key ingredient in our paper is a concrete characterization of Morita equivalences in terms of Morita morphisms, introduced in [6] , and equivalent to a more standard yet abstract approach using bimodules.
In this paper we then relate the study of discrete dynamical systems, and more generally, actions of discrete groups over connected manifolds, to the study of the underlying orbit stack defined by the corresponding action groupoids:
First we show that because of our topological assumptions, every morphism between our action groupoids must decompose as a product of a group homomorphism and a smooth map. Then we review the lifting of a dynamics to the universal covering space, and derive from this construction examples of Morita morphisms. Our first main result is the Characterization Theorem 5.4, which essentially says that every Morita morphism between our action groupoids must arise from a covering space as before. Our second main result is the Representation Theorem 6.6, implying that any Morita equivalence between action groupoids can be determined by a groupoid map from the universal cover lift. As an immediate corollary, we have:
If M is connected and H 1 (M ) = 0 then the differentiable stack M//f recovers the dynamics f up to conjugation and inversion.
In the general case of an action G M of a discrete group on a connected manifold, we see that the lifting to the universal covering space is a complete invariant of the stack M//G. From the theoretic viewpoint, we explain how to interpret the lifted group to the universal cover as a stacky theoretic fundamental group, and comment on the covering map theory of differentiable stacks, studied for instance in [13] .
We include application of our results to concrete simple examples, to illustrate the power of our results, and also to keep the paper readable for a broad audience, specially dynamicists and geometers that are not familiarized with the notion of stack. We derive a classification by Morita classes of the irrational rotations of the circle, which is a geometric version of a celebrated theorem by Rieffel [14] in the context of C * -algebras. We also classify hyperbolic toral automorphisms by computing their stacky fundamental group. Finally we revisit the classification of lens spaces, illustrating that even when the orbit space of a dynamics is a manifold, its orbit stack retains extra information.
Organization. We give a self-contained introduction to Lie groupoids in section 2, discuss the groupoids arising from actions of discrete groups on connected manifolds on section 3, and review the lifting of a dynamics to the universal covering space in section 4. Section 5 and 6 are devoted to our two fundamental theorems, the characterization of the Morita morphisms, and the representation of fractions using the universal cover, respectively. We link our work with the general theory of coverings of stacks in section 7, providing independent proofs, and commenting on the existing bibliography. The last section 8 discuss four concrete examples: irrational rotations on the circle, hyperbolic toral automorphism, periodic dynamics and orbifolds, and lens spaces.
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Background on Lie groupoids
We review here the basic definitions about Lie groupoids and discuss the fundamental examples that will appear in our paper. We refer to [2, 5, 6, 10] for the proofs of the statements and a more thorough introduction to Lie groupoids.
Given a manifold M , a Lie groupoid G ⇒ M consists of the following data: a manifold G of arrows between the points of M , two submersions s, t : G → M indicating the source and target of each arrow, a partial associative smooth multiplication m :
←−− y), satisfying the axioms u y g = g = gu x , g −1 g = u x and gg −1 = u y . We often regard M as an embedded submanifold of G via u.
We can think of a groupoid G ⇒ M as an enhanced equivalence relation between points of the manifold M , where arrows parameterize different ways in which two given points can be equivalent. Given x ∈ M , its orbit O x ⊂ M consists of all the equivalent points y, i.e. points for which there exists an arrow y g ← − x on G. The orbits are immersed submanifolds and define a (possibly singular) characteristic foliation on M . The underlying orbit space M/G is given the quotient topology and it may be non-Hausdorff. If there is only one orbit then G is called transitive. As we will see later, the language of differentiable stacks allow us to regard M/G as a richer geometric object, on which we can perform differential geometry.
Given
is a Lie group, embedded into G. If x and y are points on the same orbit, then the isotropies G x and G y turn out to be isomorphic, the isomorphism is given by conjugation by any arrow y g ← − x, and is canonical if and only if G x is abelian. The isotropy group G x naturally acts on the normal vector space
, where γ is a curve with γ(0) = x andγ is a local lift along s : G → M passing through g.
A morphism of Lie groupoids φ : (G ⇒ M ) → (H ⇒ N ) consists of a smooth map φ : G → H which restricts to ϕ : M → N via the units, and preserves the groupoid structure: source, target, multiplication, unit and inverse. Such a φ induces a continuous map on the orbit spacesφ : M/G → N/H, and morphisms on the isotropy φ x : G x → H ϕ(x) , and the normal directions dϕ x :
Example 2.1. We can see manifolds and Lie groups as examples of Lie groupoids.
To a manifold M we associate the unit groupoid M ⇒ M with only identity arrows, it represents the trivial dynamics, the orbits have a single point and the isotropy is trivial. To a Lie group G we associate the groupoid with a single object G ⇒ * , we see elements of G as symmetries of a single formal object. Morphisms between unit groupoids are the same as maps between the manifolds, and similarly for Lie groups.
Example 2.2. Given G M an action of a Lie group G over a manifold M , the action groupoid G ⋉ M = (G × M ⇒ M ) has source the projection, target the action map ρ : G × M → M , and multiplication given by that of G. As a particular case, given f : M → M a diffeomorphism, its iterations and inverses define an action by the integers Z f M , n · x = f n (x). The corresponding action groupoid will be denoted by Z ⋉ f M . We will discuss morphisms of these groupoids in the next section. Example 2.3. Let M be a manifold and let R ⊂ M ×M be an equivalence relation that is a closed embedded submanifold and such that the projections π i | R : R → M are submersive. Then we can define a relation groupoid R ⇒ M , with exactly one arrow between two points if they belong to the same class. It follows by the Godement criterion that M/R is a manifold and π : M → M/R a surjective submersion. In this way we get a correspondence between relation groupoids and surjective submersions M → N , and between morphisms and maps that descend to the quotients. Example 2.4. Two particular cases of previous example that are interesting on their own. Given M a manifold, the pair groupoid M × M ⇒ M has exactly one arrow between any given two objects, it corresponds to the trivial submersion
is the relation groupoid arising from the surjection i U i → M given by inclussion. This is the domain of definion of the usual Cech cocylces arising from local trivialization of principal bundles -they are the same as groupoid morphisms U → G.
Example 2.5. Given G a Lie group and π : P → M a principal G-bundle, its gauge groupoid P ⊗ G P ⇒ M is the quotient of the pair groupoid of P by the diagonal action P × P G. We can think of P ⊗ G P as having the fibers of π as objects, and the G-equivariant maps between them as arrows. It is transitive and the isotropy identifies with G. This construction sets a 1-1 correspodence between transitive groupoids and principal bundles.
Other important examples of Lie groupoids arise from foliation theory and pseudogroups. In these cases it is better to work with manifolds G that may not be Hausdorff, so as to include every example. Since we are not dealing with these constructions we will assume that all our manifolds are Hausdorff.
Discrete dynamics as groupoids
We focus now on the Lie groupoids arising from discrete dynamics, discuss morphisms at the level of dynamics, actions and groupoids, relate them to each other, and establish a key lemma relying on our topological assumptions.
In this way, f and f ′ are conjugated by φ, namely f ′ = φ • f • φ −1 , if they are related by an invertible morphism. We will often set a base manifold M and study different dynamics on it, so f, f ′ are conjugated if they are so as elements of the group of diffeomorphism Diff(M ).
Given Lie group actions G M and H N , we define a morphism of actions φ : (G M ) → (H N ) as a pair (λ, φ) where λ : G → H is a group morphism and φ : M → N is a smooth map satisfying φ(gx) = λ(g)φ(x) for all g, x. Note that if two actions are isomorphic then necessarily the groups are isomorphic and the manifolds are diffeomorphic. It is rather clear that the construction
is functorial, in the sense that a morphism of dynamics always induces a morphism of actions. But there are more morphisms between the induced actions than between the original dynamics. In fact, since id and −id are the only automorphisms of Z, two actions Z f M and Z f ′ M are isomorphic if and only if f ′ is conjugated to either f or its inverse f −1 . We are concerned now with the action groupoid construction reviewed in example 2.2:
The next simple examples show that, when working with M disconnected or G of positive dimension, the passing from actions to groupoids might involve a sensible loss of information.
Example 3.1. Two Lie groups G, H that are diffeomorphic but not isomorphic, when acting on themselves by left multiplication, yield the same Lie groupoid, namely the pair groupoid of the underlying manifold. For instance, we can take G, H to be non-isomorphic finite groups of the same order, or more geometrically, we can take the plane R 2 with the multiplication (x, y)· λ (x ′ , y ′ ) = (x+x ′ , y +e λx y ′ ), that is commutative for λ = 0 and non-commutative for λ = 0.
However, when restricting ourselves to actions of discrete groups on connected manifolds, the following lemma holds, playing a key role in our passage from dynamics to groupoids. In a categorical language, it sates that the action groupoid construction, under our topological assumptions, is fully faithful.
N be discrete groups acting on connected manifolds. Any Lie groupoid map φ : G⋉M → H ⋉N has the form φ(g, x) = (λ(g), ϕ(x)) with λ : G → H a group morphism and ϕ : M → N a smooth map.
Proof. Starting with φ : G ⋉ M → H ⋉ N a groupoid morphism, let ϕ : M → N be the map at the level of objects, and write φ = (φ 1 , φ 2 ) : G × M → H × N for the components. Since φ preserves the source map, which is just the second projection, we have φ 2 (n, x) = ϕ(x). And since M is connected, φ 1 (g, x) = φ 1 (g, y) for all x, y, and we gain a map λ :
. Picking an arbitrary x ∈ M , since φ is a groupoid morphism, we have the equation
and for every g, h ∈ G we have
It follows that λ preserves the neutral element and the multiplication, and it is therefore a group morphism.
The last step in our construction will be to pass from Lie groupoids to differentiable stacks:
We can think of M//G as the topological space M/G endowed with some further smooth information, that also keeps track of the isotropy groups. For a formal definition, we will obtain differentiable stacks from Lie groupoids by inverting a special class of groupoid maps, called Morita maps. We will discuss these notions in detail later.
Remark 3.3.
There is an alternative point of view into working with possibly singular quotients such as M/G which is more analytic in nature. The idea is to consider (typically non-commutative) C * -algebras as providing a model for smooth functions on M/G (see [4, 14] ). The two approaches can be related at a general level via the convolution algebra construction G → C * (G), see [8] . In this paper we focus on the purely geometric point of view, dealing direclty with stacks as spaces instead of working with the 'non-commutative algebras of functions' underlying them.
Lifting to the universal cover
Before moving into Morita maps and differentiable stacks, let us overview some basic constructions from topology yielding a lift of an action of a discrete group over a manifold to its universal cover. The resulting lifted action will play a central role in our characterization of orbit stacks M//G when M is not simply connected.
Given M a connected manifold and given p :M → M its universal covering map, recall that a deck transformation is a diffeomorphism φ :M →M lifting the identity on M : pφ = p. Deck transformations form a group Deck(M → M ) ⊂ Diff(M ) which is isomorphic to the fundamental group of M , this is an instance of the following more general fact. Fixx ∈M , call x = p(x), and let φ :M →M be a diffeomorphism. We denote by α φ the homotopy class of the projected path
Lemma 4.1. The association φ → α φ gives a 1-1 correspondence between liftings φ of a given ϕ : M → M toM , pφ = ϕp, and homotopy classes of paths x ϕ(x). When ϕ = id this is a group isomorphism between the deck transformations and the fundamental group.
Proof. We can identify the universal cover with the homotopy classes of paths ending at
Under this identification, p agrees with taking the path's starting point. Given
which clearly covers ϕ. This gives the inverse of φ → α φ , and it obviously preserves the group structure for ϕ = id.
Given ρ : G M a discrete group acting on a connected manifold, letG ⊂ G × Diff(M ) be the subgroup of compatible pairs (g, φ) in the sense that p• φ = ρ(g)• p. The groupG naturally acts onM via the second projection, thus defining a lifted actionρ :G M and the associated lifted action groupoidG ⋉M ⇒M .
Remark 4.2. By the lifting property of the universal cover, the projection gives a group epimorphism π :G → G with kernel the group of deck transformations, that we identify with π 1 (M ), hence giving a canonical group extension:
It follows thatG is discrete for any reasonable topology on Diff(M ). If π : G → G admits a section, namely when we have a homomorphism lifting the Gtransformations on M toM , then we have a semi-direct productG ∼ = G ⋉ π 1 (M ).
Example 4.3. If G is a free group, as it is in the actions arising from a dynamics f : M → M , then the canonical group extension splits. Given f : M → M a dynamics, the choice of a particular liftf :M →M induces an isomorphism of groups
where φ is a deck transformation. The product onG is given by (n, φ)(n ′ , φ
, while the action onM is given by (n, φ) ·f x =f n (φ(x)).
In the case when M = S 1 and f : S 1 → S 1 , π 1 (M ) identifies with the integer translations onM = R, and choosing any particular liftf , the product and the action are
with ǫ = ±1 being a constant depending on whether f preserves the orientation.
Example 4.4. If ρ : G M has a fixed point x, namely g·x = x for all g ∈ G, then the canonical group extension splits. In fact, after chosingx ∈M over x ∈ M , we can lift each diffeomorphism ρ g to a diffeomorphismρ g that hasx as a fixed point, and this lifting is unique, hence defining a section G →G. One subexample: if G acts trivially on M thenG ∼ = G×π 1 (M ) is the direct product of groups and the lifted action is the product of the trivial action with the one by deck transformations. Other subexample: a toral automorphism
Example 4.5. An example on whichG is not a semi-direct product. Let M = P 3 (R) and let G = Z 2 acting on M via1 · (x : y : z : w) = (−y : x : −w : z). Theñ G ∼ = Z 4 and the canonical group extension does not split.
The projection π :G → G together with the covering projection p :M → M define a morphism of actions and of their induced groupoids:
It is easy to check that they induce an homeomorphism between the orbit spaces M /G ∼ = M/G. In the next section we will show that this also holds at the richer level of stacks.
Morita maps between discrete dynamics
In this section we discuss the notion of Morita morphisms, which is a morphism betwen Lie groupoids inducing an isomorphism between the orbit stacks, and present our first main theorem, a characterization result for such morphisms between our groupoids. We derive some immediate corollaries.
A morphism of Lie groupoids φ : (G ⇒ M ) → (H ⇒ N ) is Morita if it satisfies the following properties:
•φ : M/G → N/H is a homeomorphism between the orbit spaces;
is a group isomorphism betwen the isotropy groups for all x; and
O is a linear isomorphism between the normal directions for all x. It easily follows from this definition that isomorphisms are Morita, that composition of Morita morphisms is Morita, and that if φ, φ ′ are isomorphic Lie groupoid morphisms, then one of them is Morita if and only if the other is so. Then, if a morphism admits a quasi-inverse, namely an inverse up to isomorphism, then it also is Morita. It also follows easily that in a commutative triangle of Lie groupoid morphisms, if two of them are Morita, then so does the other, we call this the 2-for-3 property. Lastly, we remark that a Morita morphism is set-theoretic fully faithful, namely it induces bijections G(y,
M is properly discontinuous, it follows that the quotient map
is a Morita map, for it clearly preserves the orbit space, the isotropy groups and the normal directions.
Our first main theorem characterizes the Morita morphisms between groupoids arising from discrete dynamics. It can be seen as a converse for previous example. 
Proof. Let us consider a Morita map φ : G ⋉ M → H ⋉ N and show that it has to have the claimed form. By lemma 3.2 the morphism is of the form φ = (λ, ϕ), with λ : G → H a group morphism and ϕ : M → N a smooth map. Since φ is Morita, and since the orbits are 0-dimensional, it follows that the normal directions agree with the tangent spaces, and dϕ :
Let K = ker λ. Let us show that the restricted action K M is properly discontinuous. First, to see that K M is free, note that if gx = x then (g, x) is in the kernel of the isotropy map G x → H y . Since φ is Morita, this has to be an isomorphism, and therefore g = e G . Now, since ϕ is invertible near x, we can pick opens x ∈ U ⊂ M , V ⊂ N such that ϕ : U → V is a diffeomorphism. If gU ⊂ U = ∅, then there are two elements on the same orbit, z, gz ∈ U , and since ϕ(z) = ϕ(gz), we conclude that z = gz and g = e G . This proves that K M is properly discontinous.
We can now consider the action of G/K on the manifold M/K, and as seen in Example 5.3, the quotient map π :
The map ϕ factors through this quotient, for ifx =x ′ , then there is k ∈ K such that kx = x ′ , and ϕ(x ′ ) = ϕ(kx) = λ(k)ϕ(x) = ϕ(x). It follows that the morphism φ also factors asφπ. Moreover, by 2-for-3, we get thatφ = (λ,φ) is Morita. We will prove that it is in fact an isomorphism, namely thatλ is a group isomorphism andφ is a diffeomorphism.
A similar argument to the one given above implies thatφ is a local diffeomorphism, so it suffices to show that it is bijective. To see that it is injective, suppose that ϕ(x) = ϕ(x ′ ) = y, then since a Morita morphism is set-theoretic fully faithful, we can lift the identity arrow y (eH ,y)
← −−− − y to an arrow betweenx andx ′ , namely (ḡ,x) withλ(ḡ) = e H , from where g ∈ K andx ′ =ḡx =x. To see that ϕ is surjective, and henceφ also is, it is enough to show that the image is open and close, for N is connected. The image is open because ϕ is a local diffeomorphism. Now suppose y ∈ N \ ϕ(M ), there has to exist x such that ϕ(x) is in the same orbit since φ yields a bijection between the orbits. Then there is an arrow (h, ϕ(x)) : ϕ(x) → y, and h / ∈ λ(G), for if h = λ(g) for some g then y = hϕ(x) = λ(g)ϕ(x) = ϕ(gx), which is an absurd. Similarly, if hϕ(M ) ∩ ϕ(M ) is non-empty, then there is an arrow z ′ (h,z) ← −− − z on H ⋉ N with source and target in ϕ(M ), and by set-theoretic fully faithfulness, it follows that (h, z) is in the image of φ and h = λ(g), which is an absurd. We conclude that hϕ(M ) is an open containing y = hϕ(x) not touching the image ϕ(M ), so N \ ϕ(M ) is open as well.
To see thatλ : G/K → H is an isomorphism, note that it is injective, and that a Morita morphism that is surjective on objects is surjective on arrows as well, as it follows from the set-theoretic fully faithfulness. Thenλ has to be surjective, and therefore an isomorphism.
We immediately conclude the following corollaries. Proof. It follows from our characterization theorem that M → N is a connected covering map and hence it must be a diffeomorphism.
is Morita if and only if it is an isomorphism.
Proof. We use the notations of Theorem 5.4 and set φ = (λ, ϕ). If K ⊂ Z is non-trivial then it has to be infinite cyclic. Now, since K is the group of deck transformations of M → N , there is an epimorphism π 1 (N ) → K ∼ = Z, implying that H 1 (N ) ∼ = hom(π 1 (N ), Z) = 0, contradicting our hypothesis. We conclude then that K = 0 and λ = ±id.
We close this section with an ad hoc example showing the necessity of the connectedness assumption in the Characterization Theorem 5.4.
Example 5.7. Let M = Z× Z and let f : M → M , f (x, y) = (x, y + 1). The action groupoid Z ⋉ f M has no isotropy and the orbits are the columns {x} × Z. Then φ : Z ⋉ f M → Z ⋉ f M given by φ(x, y) = (x, 0) and λ = 0 is a Morita morphism that does not fit our characterization.
The orbit stack of a dynamics
We review here how to describe maps of stacks as fractions of maps of Lie groupoids, provide some examples, and present our second main theorem. We also derive several corollaries characterizing the orbit stacks of discrete actions and dynamics on connected manifolds. For a thorough discussion on Morita maps, fractions and differentiable stacks we refer to [6] .
The category of differentiable stacks can be obtained from that of Lie groupoids by localization, namely, formally inverting the Morita maps. The idea is that if G → H is a Morita map, since the groupoids then represent isomorphic stacks, one should be able to find an inverse going in the converse direction H G although it might not be possible to do so with an ordinary Lie groupoid map (e.g. example 6.4 below). Since Morita maps satisfy good saturation properties, every map in the localization can be written as a single fraction. Given G, H Lie groupoids, a fraction β/α : G H is determined by a Morita morphisms α :G → G and any other Lie groupoid map β :G → H,
We then set as a working definition that the category of differentiable stacks and morphisms of stacks is that of Lie groupoids and classes of fractions. We write M//G to refer to the orbit stack of a Lie groupoid G ⇒ M .
Remark 6.1. It is an instructive exercise to check that a fraction β/α is invertible if and only if β is also Morita, or in other words, a groupoid morphism is Morita if and only if it induces an isomorphism between the underlying stacks.
Remark 6.2. Although in this paper we focus on discrete action groupoids, there can be quite different Lie groupoids presenting the same stack. An example arises by considering the suspension R Σ M,f of a discrete dynamics f M . The associated action groupoid R ⋉ Σ M,f has 1-dimensional source fibers (instead of the discrete source fibers of Z ⋉ M ), but the transverse geometry is the same so that these groupoids are Morita equivalent and they thus define the same orbit stack M//f ≃ Σ M,f //R. This flexibility in the description of the orbit stack can be useful in the study of the underlying dynamics; this will be explored elsewhere.
Example 6.3. Given M a manifold, G a Lie group and P → M a principal Gbundle, we can see it as inducing a fraction β/α : M G where α : G ⋉ P → M and β : G ⋉ P → G are the projections. This fraction is not invertible unless G is trivial.
Example 6.4. Let f, g : S 1 → S 1 denote the rotations of period 2 and 3, respectively, defining actions of Z 2 and Z 3 on the circle. They give rise to Lie groupoids having isomorphic stacks, for there is an obvious fraction of Morita maps
In fact the orbit stack of the three groupoids is the manifold S 1 . Note however that there is not a Morita map relating Z 2 ⋉ f S 1 and Z 3 ⋉ g S 1 , as it follows from the Characterization Theorem 6.6.
The same morphism of stacks M//G → N//H can be represented by several different fractions, and it is natural to seek for special representatives, as we will do now. Given G ⇒ M a Lie groupoid and U = {U i } an open cover of M , we have a new groupoid composition is set by (h, k, j)(g, j, i) = (hg, k, i) . The obvious projection π U : G U → G is Morita, and it can be proven (cf. [6, Prop. 4.5.4] ) that for every fraction G H there is an open cover U of M and a morphism β so that β/π U is equivalent to the original fraction.
Example 6.5. Coming back to the example of a G-principal bundle P → M , viewed as a fraction α : M G, a presentation of it in the form M ← U → G is the same as giving a cocycle {β ji : U ji → G} describing P .
We present now our second main result, saying that within our framework, every fraction admits a very special representative involving the lifting to the universal covering space. 
whereG
M is the lifted action to the universal cover of M and π the quotient map.
Proof. As we have discussed before, the projection map (G ⋉M ) → (G ⋉ M ) is a Morita map. We will assume now that M is simply connected and show that every map of stacks M//G → N//H can be realized by a groupoid map (G ⋉ M ) → (H ⋉ N ). Let us then fix such a map of stacks. We know by the general theory that we can represent it by a fraction β/π U for U an open cover of M ,
We can assume U i simply connected for all i, and U ji connected for all j, i, just by replacing U with a suitable refinement. We claim that the following diagram can be completed with an arrowβ making the triangle commutative up to isomorphism.
The upper composition πβι is an H-cocycle c(j, i) of the manifold M defined over the cover U. But sinceȞ 1 (M, U) = H 1 (M ) = 0, it has to be a Cech coboundary. Here we are either using non-abelian cohomology, or in a simplified language, the fact that every principal H-bundle is a covering space and hence has to be trivial. One way or the other, we gain a family d(i) ∈ H such that c(j, i) = d(j)d(i) −1 . We can now twist β by the d so as to construct a new groupoid map β d : (G ⋉ M ) U → H ⋉ N that on objects and arrows is given by
The map β d is isomorphic to β and vanishes over the kernel of π U , hence it descends to a mapβ, and the result follows.
In general, there are many groupoids representing a given stack. Combining our results, we conclude that within our framework there is a distinguished Lie groupoid on each Morita class, namely that on which the manifold of objects is simply connected.
Corollary 6.7. Given G M and H N be actions of discrete groups over connected manifolds, the orbit stacks M//G and N//H are isomorphic if and only if there is an isomorphism λ :G →H between the lifted groups and a λ-equivariant diffeomorphism ϕ :M →Ñ between the universal covers.
Proof. By Theorem 6.6 we can represent the stack isomorphism M//G → N//H by
, and according to remark 6.1, the map β has to be Morita as well. Then, by Theorem 5.4 β has to be, up to isomorphism, the lifting of H N to the universal coverÑ . The result now follows.
In the spirit of corollary 5.6, when working with stacks arising from dynamics f, g : M → M , we can relax the notion of simply connectedness and still have a complete characterization of the dynamics by the stack. Proof. By previous corollary, and since in this case the lifted groups split (cf. example 4.3), there must exists an isomorphism λ : Z ⋉f π 1 (M ) → Z ⋉g π 1 (N ) and an equivariant diffeomorphism ϕ :M ∼ =Ñ , wheref andg are liftings to the universal covers. Writting
the map γ → λ 1 (0, γ) ∈ Z defines an element in H 1 (M ), which therefore must be trivial. It follows that λ maps 0 × π 1 (M ) isomorphically to 0 × π 1 (N ) and that Z ∋ n → λ 1 (n, 0) ∈ Z must be an isomorphism, so that λ 1 (n, 0) = ±n. With this, the compatibility between ϕ and λ directly implies that ϕ descends to a a diffeomorphismφ :
Thus, when H 1 (M ) = 0, the geometry of the quotient stack retains faithfully the information about the dynamics modulo conjugation and inversion. For general M non-trivial identifications may take place. Assume M = N for simplicity. Picking liftsf ,g :M →M of f and g to the universal cover, a stack isomorphism will be encoded in a pair λ, ϕ with
a group isomorphism satisfying (recall the notation of example 4.3)
for all (n, γ) ∈ Z × π 1 (M ) and x ∈M . In particular, a necessary condition for M//f ≃ M//g is that there must extist k ∈ Z and γ ∈ π 1 (M ) so that φ(f (x)) = (g k γ)(φ(x)) for all x ∈M , generalizing the conjugation condition ϕf = g ±1 ϕ of the simply connected case. We shall explore this in detail in the case of dynamics on the circle M = S 1 in the last section.
Remark 6.9. We sketch here a way to faithfully encode dynamics on manifolds that are not simply connected by orbit stacks defined by extensions. Given f : S 1 → S 1 a dynamics on the circle, we can extend it to F : S 2 → S 2 in such a way that the poles are repulsive points and the restriction to the equator is the original f . Moreover, this extension can be made canonical. Then, two dynamics f, g on S 1 are going to be conjugated if and only if their extensions F, G to S 2 are so and, since S 2 is simply connected, this holds if and only if the stacks S 2 //F and S 2 //G are isomorphic. It is tempting to emulate this construction for other non-simply connected manifolds M , by realizing them as the boundary of a simply connected manifoldM , and defining an extension F of f by means of a Morse-Smale flow. We propose this strategy to be explored elsewhere.
Relation to the stacky fundamental group
Here we provide a conceptual interpretation of our lifted action by developing a down-to-earth approach to stack-theoretic fundamental groups and covering maps. Some of the material presented here is covered in [11] in a rather combinatorial spirit, and a topological version of the abstract theory can be found in [13] .
We set I = [0, 1] to be the unit interval. Given G ⇒ M a Lie groupoid and x ∈ M , a loop on M//G based at x is a fraction β/α : I M//G where, as discussed before, α is a Morita map and β is a Lie groupoid map satifying β(g) = u x a unit whenever α(g) is u 0 or u 1 . Two such fractions are equivalent if there are Morita maps γ, γ ′ and isomorphisms αγ ∼ = α ′ γ ′ and βγ ∼ = β ′ γ ′ that are the identity over 0 and 1. We say that two loops β/α, β ′ /α ′ on M//G based at x are homotopic if there is a fraction ψ/φ :
′ /α ′ , and φ −1 ({0, 1} × I) ⊂ ker ψ. Loops up to homotopy, with multiplication given by juxtaposition, define the stacky fundamental group π 1 (M//G, x).
Remark 7.1. Recall that a regular cover of I is a cover U = {U 1 , . . . , U N } in which each U i is a small connected neighborhood of [i − 1/N, i/N ]. Since these covers are cofinal, every loop in G ⇒ M based in x is equivalent to one of the type β/π U with U a regular cover. Thus a loop can be thought of as a sequence of geometric curves γ i with algebraic jumps g j linking their endpoints,
Similarly, homotopies can be generated by elementary moves, resulting from considering product of regular covers U × U = {U i × U j }. In this way we recover the combinatorial definitions of paths and homotopies in Haefliger's approach to the fundamental group of groupoids (cf. [11, §3.3] , see also [9] ).
Going back now to our groupoids of interest, we can apply our Representation Theorem 6.6 to get the following stacky interpretation of the lifted group of section 4.
Proposition 7.2. Given G M an action of a discrete group over a connected manifold, and given x ∈ M , the stacky fundamental group π 1 (M//G, x) is isomoprhic to the lifted groupG introduced before.
Proof. Given a loop of M//G based at x, writing it as a fraction β/π U for a regular cover of I,
we know from theorem 6.6 that there is a pathβ : I → G ⋉ M making the triangle commutative up to a groupoid map isomorphism β ∼ =βπU , which can be encoded in a cocycle {c i : U i → G}. Without loss of generality, we can assume c(1) = 1. The loop β/π U , with the notations of Remark 7.1, is given by paths γ i linked by groupoid elements g j . It follows that c(0) is the product of the g j 's whileβ is the path from c(0)x to x obtained by translating the γ i using the g j to paste these arcs together into a continous path. By lemma 4.1, in turn,β defines a diffeomorphism φβ ofM covering c(0) : M → M . We now define θ :
It is straightforward to check that θ is well-defined, bijective, and preserves the group structure.
As in topology, the fundamental group classifies covering maps. A map of differentiable stacks M//G → N//H is a covering (see eg. [13] ) if for every map from a manifold X → N//H the stacky fibered product P = X × N//H M//G exists, it is a manifold, and the base-change map P → X is a covering map of manifolds. Composition of stacky covering maps and base-change of covering maps are covering maps. By representing the stacks with Lie groupoids, the stacky fibered products is modeled by the homotopy fiber product of the Lie groupoids (cf. [6] ). Example 7.3. A map between manifolds, viewed as differentiable stacks by means of the unit groupoids, is a covering if it is so in classic topology.
Example 7.4. Let G ⇒ M be a Lie groupoid, and call π : M → M//G the canonical projection comming from the units inclussion M → G. Then G identifies with the fiber product of π with itself (cf. [6] ), and the base-change maps are the source and target maps, G → M . Since every map X → M/G from a manifold locally factors through the projection π : M → M//G, we conclude that π is a covering if and only if s : G → M is so.
A particular case of previous example is that of an action groupoid of an action of a discrete group. We say that a connected stacky covering map N//H → M//G is universal if any other connected cover N ′ //H ′ → M//G is a quotient of it. As in the manifold case, the group of deck transformations provides us with a model for the stacky fundamental group that is independent of the base point. Moreover, the following proposition allows us to interpret the lifted action ofG onM as stacky deck transformations.
Proposition 7.5. Given G M an action of a discrete group on a connected manifold, the compositionM → M → M//G is the stacky universal cover, and the group
is isomorphic to the stacky fundamental group π 1 (M//G, x) ≃G.
Rotations on the circle. Let M = S 1 , with universal coverM = R and π 1 (M ) = Z acting by integer translations. We shall consider dynamics given by rigid rotations r : S 1 → S 1 . Such a rotation can be uniquely lifted to a rigid translation
with τ ∈ [0, 1) called the rotation number of r. In this case, we have that the lifted group isG = Z × Z and we denote the induced lifted action by
When the rotation number τ = p/q is rational, we have that the coarse orbit space S 1 /r inherits a smooth structure diffeomorphic to an ordinary circle S 1 /r ≃ S 1 and such that the quotient map defines a covering S 1 → S 1 /r. At the level of stacks, considering p and q coprime so that there exist a, b ∈ Z satisfying aq−bp = 1, we get that λ : Z × Z → Z × Z, (m, n) → (am + bn, pm + qn) is an isomorphism which together with φ : R → R, x → qx define an isomorphism of actions
On the right hand side above, one of the Z-factors acts trivially and the other acts by integer translations. The quotient stack is thus isomorphic to a product
where the manifold S 1 is seen as a stack and * //Z denotes the quotient stack associated to the trivial Z-action over a 1-point space * . Then, the orbit spaces of S 1 by rational rotations are all isomorphic both as coarse orbit spaces or as orbit stacks and the orbit stack contains essentially the same information as the coarse orbit space.
Let us now consider an irrational rotation, namely, a rigid rotation r of S 1 such that its rotation number τ is irrational. In this case, the orbit through any point x ∈ S 1 is dense and thus the coarse orbit space S 1 /r inherits the trivial topology. The quotient stack S 1 //r, though, is able to retain non-trivial information of the original dynamics: Proposition 8.1. Let r 1 , r 2 be two rigid rotations acting on S 1 with irrational rotation numbers τ 1 , τ 2 , respectively. Then, the two associated quotient stacks are isomorphic, S 1 //r 1 ≃ S 1 //r 2 , iff τ 1 , τ 2 are in the same orbit of the GL 2 (Z)-action by homographies:
Proof. By Corollary 6.7, S 1 //r 1 ≃ S 1 //r 2 if and only if there exists an isomorphism of the lifted actions
Such an isomorphism consists of a group automorphism λ = a c b d
and a diffeomorphism φ : R → R such that for all x ∈ R, m, n ∈ Z we have:
First, suppose that r 1 = Conversely, assume we have such an isomorphism of actions (φ, λ). Let m i , n i ∈ N be such that lim i→∞ m i r 1 + n i = 0. We then have by continuity that
from where ar2+b cr2+d = r 1 as wanted. The above result can be seen as a geometric analogue of a result by Rieffel in the context of C * -algebras [14] . In fact, the construction G → C * (G) that associates to a Lie groupoid its convolution algebra is functorial, in the sense that it transforms Morita equivalences of Lie groupoids into Morita equivalences of C * -algebras (see eg. [8] ), and one of the C * implications of our result is already in [4] . For general diffeomorphisms of the circle, since conjugated dynamics yield isomorphic orbit stacks, the above proposition generalizes to any pair diffeomorphisms of S 1 which are conjugated to rotations. We believe it is further possible to provide a characerization of rotation numbers of general f S 1 in terms of the underlying quotient stack; these ideas will be explored elsewhere.
Hyperbolic toral automorphisms. Let X = T n = R n /Z n be the n-torus, viewed as the quotient of the Euclidean space by the integer lattice. We shall consider hyperbolic toral automorphisms, namely maps f A : X → X given by a matrix A ∈ Gl n (Z) with no eigenvalues of norm 1. These are the simplest examples of Anosov diffeomorphisms.
Given such a dynamics f A : X → X, the corresponding orbit topological space X/f A is very hard to handle. While the rational points are periodic, hence inducing closed points on the quotient, the other points have dense orbits, and any non-trivial open in the quotient must contain their images. Next we will show that the orbit stack allows us to classify them up to conjugacy and inversion.
Given f A : X → X, the lifted dynamics to the universal cover is the action by affine transformations (
As it follows from Corollary 6.7, the orbit stack keeps track of the action of the dynamics on the fundamental group. In this case, this is enough to recover the dynamics up to conjugation and inversion. Proposition 8.2. Two dynamics given by hyperbolic toral automorphisms arising from the matrices A, B yield isomorphic orbit stacks if and only if A is conjugated to B ±1 .
Proof. Notice that for any A we have isomorphismsG A ∼ = Z⋉ A Z n , where the semidirect product structure is the affine one, (n, v)(n ′ , v ′ ) = (n + n ′ , v + A n v ′ ). If the stacks T n //f A and T n //f B are isomorphic, then the lifted groups to the universal coverG A andG B have to be isomorphic as well. Let us study the groupG A in more detail. Direct computation shows that the inverse of (n, v) is (−n, −A −n v), and that the commutator of two elements is we conclude that A and B ±1 are conjugated by λ ′ .
We look forward to investigate Anosov diffeomorphism by using stack techniques, building over the new theory of metrics on differentiable stack, currently in development [7] .
Given a map f between lens spaces, its degree deg f is defined as the degree of a liftf : S 3 → S 3 . This is well-defined up to the actions and, therefore, it is well-defined up to homotopy, for each action is by maps isotopic to the identity.
Deep results on algebraic topology, using simple homotopy theory or other sofisticated tools, show the following facts:
• L(p, q) and L(p, q ′ ) are homotopy equivalent if and only if′ = ±x 2 has solutions mod p;
• L(p, q) and L(p, q ′ ) are homeomorphic if and only if q ′ = ±q ±1 mod p;
Moreover, when L(p, q) and L(p, q ′ ) are homeomorphic, we have very explicit homeomorphisms relating them:
w] from where it follows that they are also diffeomorphic, and moreover isometric for the obvious Riemannian metric.
Next we will show that the orbit stacks can catch even more information than the isotropy groups and the orbit space. Proof. Since S 3 is simply connected, in light of our main theorems, the stacks are isomorphic if and only if f p,q is conjugated to f ±1 p,q ′ . We can directly check that f p,q and f p,−q are conjugated by σ. For the converse, since isomoprhic stacks must have homeomorphic orbit spaces, we can already assume that q ′ = ±q ±1 mod p. Assuming the existence of an isomorphism of stacks S 3 //f p,q → S 3 //f p,q −1 , we will show that q −1 = ±q, concluding the proof. The diffeomorphisms f p,q and f q p,q −1 are conjugated by τ . From the stack isomorphism we have that f p,q −1 and f ±1 p,q are conjugated. By transitivity, it follows that f p,q must be conjugated to f ±q p,q . If θ : S 3 → S 3 is such a conjugation, then θ must have degree ±1 since it is a diffeomorphism, and θ * : π 1 (L) → π 1 (L) must be multiplication by q. It follows from the theory of torsion that q 2 = ±1 mod p, and therefore q = ±q −1 mod p.
Example 8.5. We consider the six maps f 7,q , 1 ≤ q < 7. All of them lead to the same quotient homotopy type, namely L(7, 1), L(7, 2), L(7, 3), L(7, 4), L (7, 5) and L(7, 6) are homotopy equivalent. If we look at the quotient manifolds, then we find two homeomorphism and diffeomorphism types, namely that of L(7, 1) and L (7, 6) , and that of L(7, 2), L(7, 3), L(7, 4) and L (7, 5) . If, instead of looking at the quotient as a manifold, we look at the quotient stacks L(7, q) = S 3 //f 7,q , then we find three different stacks since L(7, 3) ≃ L(7, 4) ≃ L(7, 2) ≃ L(7, 5) by the previuos proposition.
We close by rising the question of whether it is possible to achieve the classification of lens spaces by using stack techniques, and avoiding simple homotopy theory or other sophisticated tools.
